The Hilbert space of states of the relativistic Majorana particle, with the Majorana representation for the Dirac matrices γ µ , consists of bispinors with real components. The usual momentum operator −i∇ can not be defined in such space. We introduce the axial momentum operator, p 5 = −iγ 5 ∇, which is real, and investigate its properties. In the case of massive particle, the axial momentum contains an oscillating component in the Heisenberg picture. Its amplitude is proportional to m/E, where E is the energy of the particle and m its mass. We also find the general solution of the Dirac equation in the form of superposition of axial plane waves, which are eigenvectors of the axial momentum. *
Introduction
Our paper is devoted to relativistic quantum mechanics of a single free Majorana particle. In the description of matter at the fundamental level with quarks, leptons and baryons, most often complex Dirac bispinors and the Dirac equation appear. Nevertheless, the complex Dirac bispinor is not the simplest one. It is reducible to two Weyl bispinors, which are eigenvectors of the γ 5 matrix, or to two Majorana bispinors -eigenvectors of the charge conjugation operator C, [1] , [2] . Recently, a lot of attention has been given especially to the Majorana bispinors, in the context of physics of neutrinos [3] , [4] , as well as in condensed matter physics [5] , [6] . These bispinors have been considered in the framework of quantum field theory or quantum statistical mechanics, while the relativistic quantum mechanics of a single Majorana particle seems to be less popular, see however [7] .
As is well-known, relativistic quantum mechanics suffers from problems such as the presence of energies unbounded from below, or negative probability densities, while the corresponding quantum field theories are free of such problems. Nonetheless, relativistic wave equations can be very useful, the importance of the Dirac equation for atomic physics is a good example. In the case of the Majorana particle, the quantum mechanical description may turn out useful in, for example, searches for the Majorana neutrino, or in an effective description of its interactions with matter or various fields.
The present paper is focused on topics intrinsic to the quantum mechanics of the free Majorana particle, leaving aside the potential applications. Specifically, we address two questions. The first one is about the momentum operator. In the Majorana representation for the Dirac matrices γ µ , in which all these matrices are purely imaginary, all four components of the Majorana bispinor are real numbers. Therefore, the ordinary momentum operatorp = −i∇ can not be accepted as an observable -it makes the real bispinor complex. The problem persists if we use a non-Majorana representation of the Dirac matrices, because the momentum operator does not commute with the charge conjugation C in any representation. In the Majorana representation, the charge conjugation is given by the complex conjugation, and the real bispinor is its eigenvector trivially. Below we introduce a new momentum operator, called by us the axial momentum, and we examine its properties. There is an intriguing difference between massless and massive Majorana particles. In the latter case, the direction of the axial momentum in the Heisenberg picture oscillates in time. The amplitude of the oscillating component is of the order m/E, where m is the rest mass of the particle and E its energy. In the case of neutrino with the mass of the order 1eV and the energy 1MeV this amplitude is rather small, of the order 10 −6 . The second question considered here is connected with the fact that the Dirac equation for the massive Majorana particle is equivalent to a wave equation with a non-Hermitian Hamiltonian. Such a wave equation in quantum mechanics is not standard one 1 . Therefore, time evolution of the wave function should be carefully examined, in particular, conservation of the norm of the wave function. We check that the norm remains constant in time. Furthermore, we find the general solution of the wave equation in the form of superposition of axial plane waves, which are the eigenfunctions of the axial momentum. Surprisingly, in the massive case the time evolution mixes the modes with the opposite values of the axial momentum. The usual unitary factor exp(iEt) is replaced by two SO(4) matrices of the form exp(K ± Et), see formulas (13).
In the quantum mechanics of the Majorana particle we do not need any complex numbers. They appear below, but the only reason for their superficial presence is that we wish to adhere to the standard notation which uses the Dirac matrices. To some extent, the role of the imaginary unit i is played by the real antisymmetric matrix iγ 5 , which has the property (iγ 5 ) 2 = −I. We think that such explicit example of relativistic quantum mechanics devoid of complex numbers can be interesting on its own right.
The plan of our paper is as follows. In the next section we introduce the axial momentum, and we find its eigenfunctions. We also consider some other observables for the Majorana particle. In Section 3 we investigate the time evolution of the axial momentum. Section 4 contains the general solution of the wave equation. Summary and remarks are given in Section 5.
The axial momentum and other observables
We adhere to the standard axiomatics of quantum mechanics. In particular, observables are represented by linear, Hermitian operators in a Hilbert space H. In the present case, elements of H are real bispinors ψ(x) = (ψ α (x)), α = 1, 2, 3, 4, and the scalar product has the form
where T denotes the matrix transposition. The bispinors are regarded as onecolumn matrices. An observableÔ obeys, in particular, the condition ψ 1 |Ôψ 2 = Ô ψ 1 |ψ 2 for all bispinors ψ 1 , ψ 2 from the domain ofÔ. Furthermore, the operatorÔ should be real, that is, the bispinorÔψ should be real like ψ. This last condition has the far reaching consequence: it eliminates the standard momentum operatorp = −i∇. If we just remove the imaginary unit i to make it real, the −∇ operator is not Hermitian. The time evolution of the real bispinors is governed by the Dirac equation,
where the Dirac matrices γ µ are all purely imaginary, and
A concrete choice for these matrices is made below formula (2) . The Dirac equation can be rewritten as
This operator is real, but it is not Hermitian. Nevertheless, the scalar product is constant in time,
(1) and vanish sufficiently quickly at the spatial infinity. Hint about the form of the momentum observable comes from classical field theory. It is shown in [9] that in the massless case (m = 0), Eq. (1) is equivalent to the Euler-Lagrange equation obtained from the Lagrangian
where ψ = ψ T γ 0 , and
Because ψ is real, the presence of the γ 5 matrix is crucial, otherwise L would be a total divergence yielding no evolution equation. The Noether theorem applied to this Lagrangian yields the conserved 4-momentum P µ of the classical Majorana field ψ with real (not Grassmannian) components
These formulas look like expectation values of the operatorŝ
which are Hermitian, real, and they commute with each other. The presence of γ 5 suggests the name for p 5 = −iγ 5 ∇: the axial momentum. In spite of the fact that the Lagrangian L is for the massless Majorana field, we consider these operators also when m = 0. The real matrix iγ 5 present inp k 5 has the property (iγ 5 ) 2 = −I. Therefore it may be regarded as a matrix replacement for the imaginary unit i inp = −i∇. In this vein, equation (1) with m = 0 can be written in the equivalent form
The operatorÊ 0 is proportional to the standard helicity operatorλ =Ŝp/|p|, namelyÊ
are the spin matrices, and |p| = p 2 . Notice thatp
The operatorλ is real, as opposed toŜ andp. Thus,Ê 0 is to be associated with the helicity rather than the energy.
As for the energy operator, the good candidate isÊ = p 2 5 + m 2 , because it commutes withĥ, andÊ 2 −p 2 5 = m 2 , as expected for the relativistic particle with the mass m. The spectrum ofÊ is positive. There is no reason to introduce negative energies for the Majorana particle. The point is that we do not equate the energy operator with the generator of time evolutionĥ which is not Hermitian, in contradistinction with the case of the Dirac particle.
Normalized eigenvectors of the axial momentum are defined by the conditionŝ
They have the form
where v an arbitrary real, constant, normalized (v T v = 1) bispinor, and exp(iγ 5 px) = cos(px)I + iγ 5 sin(px).
In order to find the common eigenvectors ofp andÊ 0 , we choose for the Dirac matrices
Then,
Here σ k are the Pauli matrices, and σ 0 is the 2 × 2 unit matrix. The condition
leads to the matrix equation for the bispinor v
well-known in the context of the Dirac equation. The eigenvalues E 0 = ±|p| are double degenerate. In the case E 0 = +|p| we find
and for E 0 = −|p|
These bispinors are real, and orthonormal
where ǫ, ǫ ′ = +, −, and j, k = 1, 2. Their concrete form depends on the choice for the Dirac matrices, of course. Notice that the complete set of the bispinors is generated from v Therefore, the Heisenberg picture version ofÔ has the form
O(t) = exp(−tĥ)Ô exp(tĥ).
It follows that
where the last term on the r.h.s. is present only ifÔ has an explicit time dependence in the Schroedinger picture -in the present paper we do not consider such operators. The observablesÊ 0 ,p 2 , |p| andλ commute withĥ, hence they are constant in time. The axial momentum is constant in time only in the massless case.
In the massive case, ĥ ,p
hence dp
where
where γ 5 (t) obeys the equation
The operator γ 0 (t) γ 5 (t) obeys the following equation
and
The latter equation has the following solution
The solution (9) obeys the required initial conditions at t = 0:
where the second condition follows from Eq. (8). Next, we insert solution (9) on the r.h.s. of Eq. (7) and integrate for γ 5 (t),
whereĴ =ĥ/Ê. Notice thatĴ 2 = −I. Therefore, the two oscillating terms present on the r.h.s of formula (10) are of the same order m/Ê. The absolute value of the axial momentum, |p| = p 2 = √ −∇ 2 , remains constant in time. One may wonder whether the axial momentum is the best replacement for the ordinary momentum in the case m = 0. We have searched for other possibilities, without satisfactory results. In particular, we have considered the operatorŝ
with k = 1, 2, 3. They are real, Hermitian, they commute withĥ, and for m = 0 they coincide with the axial momentum. Unfortunately, they do not commute with each other.
Time evolution of the Majorana bispinor
The axial plane waves can be used in a general solution of the evolution equation (1) . Such solution is written as a superposition of the axial plane waves (2), which are used instead of the ordinary plane waves. It turns out that the presence of mass term in Eq.
(1) has a significant influence on the form of the general solution. Namely, in the case m = 0 rather unexpected mixing between the modes with the opposite eigenvalues p and −p of the axial momentum appears. The expansion of ψ into the axial plane waves has the form ψ(x, t) = (2π)
we rewrite the equations for the amplitudes in the forṁ
Solutions of these equations have the form
The matrices K ± are antisymmetric, hence the exponential matrices present in these solutions are orthogonal ones, they belong to the SO(4) group. Furthermore, because K 2 ± = −I, we may write
The fact that the general solution has such a simple form is a nice surprise. Recall that the axial momentum, which the axial plane waves are eigenfunctions of, does not commute with the generator of the time evolutionĥ in the case m = 0.
Summary and remarks
1. We have shown that the axial momentum operator p 5 = −iγ 5 ∇ is a viable replacement for the ordinary momentum p = −i∇. This latter operator can not be used in the quantum mechanics of the Majorana particle because it is not real. The eigenfunctions of the axial momentum -the axial plane waves -provide a new basis for mode decomposition of general, time dependent Majorana bispinor. In this basis, the time evolution is represented by SO(4) matrices (14), which replace the standard complex exponents exp(±iE p t).
We have found intriguing effects which are due to nonvanishing rest mass of the particle. First, the direction of the axial momentum oscillates (while the modulus remains constant) if m = 0. Second, there is a coupling between the modes with the opposite values of the axial momentum. The strength of the both effects is proportional to m/E p , where
5 is the energy of the particle. We regard these effects as the most interesting findings of our paper. 2. The Dirac equation for the real Majorana bispinor ψ(x, t) of course possesses the Poincaré symmetry, as well as the P and T symmetries. The Poincaré transformations of the wave function have the standard form,
, and ω µν parameterize the proper orthochronous Lorentz group.
The P and T transformations have the form, respectively, ψ ′ P (x, t) = η P iγ 0 ψ(−x, t), ψ ′ T (x, t) = η T γ 5 γ 0 ψ(x, −t), where η p = ±1, η T = ±1 are intrinsic parities of the particle. By the definition of the symmetry transformations, They transform arbitrary solution of the Dirac equation into a solution of the same equation, as required from the symmetry transformations.
3. The results of present work suggest several interesting topics for further research. First, one may delve deeper into the quantum mechanics of the Majorana particle. This includes evolution of wave packets in external potentials -such potentials can model interactions with other particles. Furthermore, one could propose concrete procedures for measuring the axial momentum. Second, the axial momentum is the observable that can be used also in the case of Dirac particle, which is described by a complex bispinor. Such a reformulation of the relativistic quantum mechanics of the Dirac particle with the axial momentum in place of the standard momentum may provide an interesting complementary viewpoint on the Dirac particle.
Last but not least, the mode decomposition (11) with the axial plane waves can be used as the starting point for quantization of the Majorana and the Dirac fields. Work in this direction is in progress.
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